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THE RELATION BETWEEN THE ZEROS OF A SOLUTION OF A 

LINEAR HOMOGENEOUS DIFFERENTIAL EQUATION AND 

THOSE OF ITS DERIVATIVES. 

By William Benjamin Fite. 

The fact that a non-identically vanishing solution of a linear homo- 
geneous differential equation of order n and its first n — 1 derivatives 
cannot all vanish at a point* raises the question as to the existence of a 
length so small that no solution and its first n — 1 derivatives can all 
vanish within an interval of this length. In the first part of this paper 
I show that this question must be answered in the affirmative. This is 
done by determining such a length for any given equation. In the 
second part I consider in some detail such lengths in connection with 
equations of the second order. I also show that in certain cases there 
must be a root of the derivative of a solution of such an equation within 
a given distance from a root of the solution. 

I. 

Consider, for the sake of definiteness, the linear homogeneous differ- 
ential equation of the third order 

y'" + py" + qy' + ry = 0, (1) 

3,nd suppose that y is any non-identically vanishing solution such that 
y, y', and y" all vanish within the interval (a, h) (b > a). 

If P, Q, and R are constants such that |p| ^ P, \q\ S Q, and \r\ ^ R 
within (a, b), and if My, My', My" and My'" are the greatest absolute 
values of y, y', y", and y'" respectively in the interval, then 

My ^ IMy', My' g IM y" , My" ^ IMy'", 

where b — a = I. Moreover 

My'" ^ PMy" + QMy' "f RM y. 

Hones 

My'" ^ PlMy'" + QPMy'" + RPMy'", 

orf 

* It will be assumed throughout this paper that the coefficients of y and its derivatives in 
the equations discussed are continuous functions of x within certain intervals, 
t If My'" = 0, y, y', and y" cannot all vanish in the interval (o, b). 
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Now the equation 

Rl^ + QP + Pl-l = Q (2) 

has just one positive root, say li) and therefore we must have I ^ h. 
But if it were possible to have I = Zi, we should have to have My — IMy'. 
This would require y' to be a constant, and therefore z6ro, since by hypoth- 
esis it is zero at one point of (a, h). Then y would be identically zero. 
Hence any interval within which y, y', and y" all vanish must be greater 
in length than the positive root of equation (2) in which P, Q, and R 
are taken with reference to some fundamental interval within which we 
are operating. 

This reasoning is applicable to any equation of order n (n > 1) and 
leads to the conclusion that any interval within which any non-identically 
vanishing solution of a linear homogeneous differential equation of 
order n, together with its first n — 1 derivatives, vanishes must be greater 
in length than the positive root of an equation analogous to (2). 

If we are dealing with complex quantities a similar argument shows 
that a non-identically vanishing solution and its first n — 1 derivatives 
cannot all vanish within a circle of diameter I which lies within a region 
within which the coefficients are all analytic unless I exceeds the positive 
root of an equation analogous to (2). 

II. 

Consider now the equation of the second order 

y" + py' + qy = 0. (3) 

If $ S throughout an interval (a, h), there is no non-identically vanish- 
ing solution y of (3) such that y{a) = or y{b) = 0, and y'(c) = 0, when 
a g c ^ &.* Moreover, if g < and y does not vanish in (a, b), y'jy can- 
not change from positive to zero or from zero to negative. 
A solution j/i of the equation 

y" + piy' + qiy = 0, (4) 

where pi S p, 51 S q, and 91 > in (o, 6), such that yi(c) = (a < c 
^ 6), must vanish for some value of x in the interval (a, c), provided that 
there is a solution y of (3) such that y{a) =0 and y'(c) = 0. For if 
this were not the case we could assume that yi(x) > in this interval 
(including c), and then the function y defined by the relation y = yiy 
would be a solution of the equation 

* Bdcher, Transactions of the American Mathematical Society, vol. 3 (1902), p. 199, the- 
orem IV. 
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such that y{a) =0 and y'{c) = 0. Now by hypothesis j/i'(c) = and 
therefore yi"{c) < since gi > 0. It follows from this that y/ > 
for values of a; a little less than c. If y/ were negative for any value of x 
in (a, c), there would be at least one value of a; (4= c) in this interval 
for which yi = and yi" < 0. But if d were the greatest such value, 
yi could not be positive in {d, c). We conclude therefore that yi g 0, 
and hence that yi" + pyi + qyi ^ 0, in {a, c). This is however impos- 
sible since y{a) = and y'{c) = 0. This establishes the statement that 
yi(x) vanishes in the interval (a, c). 

If there were a solution y^ of (4) such that 2/2(0) = and 2/2' (x) > 
in the closed interval (a, c), we should have 

yi(c + h) - 2/2(c + h) = yi(c) - y^ic) 

+ [y^!{c + eh) - y,'{c + eh)]h {o < e < i). 

If we so select yi and 2/2 that yi(c) = 2/2(0), it follows that 2/i(c + h) 
— yiic + h) > for small negative values of h. Moreover there would 
be in the interval a value of x for which yi{x) — y^ix) < 0; namely, a 
value of X for which yi(x) = 0. Hence these two solutions would have 
at least two points in common in (a, c) . This being obviously impossible, 
we have the following important theorem of comparison for the solutions 
of equations (3) and (4) : 

Theorem I. If y and yi are non-identically vanishing solutions of 
equations (3) and (4) respectively such that y{a) = 2/1(0) = and y'{c) = 0, 
then y\{x) vanishes somewhere in the interval (a, c). 

If we substitute the equation 

y" + P2y' + qxy = 0, (6) 

where ^2 = p in (a, h), for equation (4), a slight and obvious modification 
of the foregoing reasoning establishes 

Theorem II. // y and yi are non-identically vanishing solutions of 
equations (3) and (6) respectively such that y(b) = 2/1(6) = and y'{c) = 0, 
then yi'ix) vanishes somewhere in the interval (c, b). 

If we take for the functions pi and qj constants M and H respectively, 
equation (4) becomes 

y" + My' + Hy = 0. (7) 

These constants can always be so selected that M^ — AH < 0. When 
this has been done, the solution of (7) that vanishes for x = a is of the 
form 
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yi{x) = Ae~"''' I sm- ^ x — tan o ^ ' <^os- ^ ^ )• 

The roots d of the equation yi(x) = are given by the formula 



^ V4fl' - M' 
2arctg j^. 

d — a = , — . 

We have proved therefore 

Theorem III. If a non-identically vanishing solution y of equation (3) 
is such that y(a) — 0, its derivative cannot vanish for x = c {c > a) when 
AH — M^ > 0, unless 

2 arc tg <^M^ 
c — a ^ 



where 

„^„ . V4i? - ikf 2 

arc tg —— — 

M 

has its least positive value. 

If yQ>) = 0, its derivative cannot vanish for x = c (c < b) unless 



b-c 



o , V4i? — OT^ 

2 arc tg 



TO 



a/4^ 



m^ 



to/iere ikf is less than or equal to p in the interval considered and its least 
negative value is to be given to the arc tangent. 

For example, consider the solutions of Bessel's equation, 

y"+ly' + {i-$)y-o. 

We can take M == 1/a and H = 1. Then 



2 arc tg — 

lim M 


IT 


<•->« V4ff - M^ 


2 



Hence, if e is an arbitrarily chosen positive number, we can choose m so 
large that if y is any solution of this equation such that y{a) = and 
a > m then y'{c) 4= (c > a) unless c — a > (ir/2) — e. A similar con- 
clusion holds for & — c (c < b) in case yQy) = 0. 

If M^ — AH = the solution of (7) that vanishes for a; = a is 

yiix) = Ae-"'"\x - a). 
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If 2/1' (c) = then c — a = 2lM. Hence, if If < 0, y/ does not vanish 
for any value of x greater than a, and therefore under these circumstances, 
if y vanishes for x = a, y' does not vanish for any value of x greater 
than a. 

In case y{a) +0 consider the inequality 

Ay' {a) 
^ "' ^ M'y{a) + 2My'{a) ' ^^^ 

If M, y{a), and y'{a) are all positive, (8) carries with it the inequalities 

y'{a) M M 

y{a) ^ 2 - (c - a)M 2 ^^' 

and 

2 
o-a<^. 

Hence when (8) holds equation (7) has a solution yi such that yi{x) > 
f or o ^ a; S c and yi{c) = 0. This solution is 

yr{x) = Ae-''^i\2 - (c - x)M]- 

But when we use this 2/1 in (5) we have [y'{a)]l[y{a)] > 0, as a consequence 
of (9). This however would be impossible if y'{c) — 0. The preceding 
discussion shows that (8) and y\c) = are inconsistent also when 
y{a) — 0. Moreover, since M and B. are restricted only from below, 
we can always so select them that M"^ — AH = 0. 

If m satisfies the inequalities m < and m ^ pin (a, b), we can apply 
a similar argument to (c, b). Hence 

Theorem IV. If y is any non-identically vanishing solution of equa- 
tion (3) such that either y{a) — or [y'(a)]l[y(a)] > 0, then y'{c) 4= 
when a < c ^b and c — a < [4y'(o)]/[M=2/(a) + 2My'{a)], where M 
satisfies the inequalities M > 0, M ^ p, and M^ g 4q, in {a, b).* 

If either yQ)) = or [y'{b)]l[yQ})] < 0, then y'{c) 4= when a ^ c < b 
and b — c < [— Ay'(b)]/[m^y{b) + 2my'(b)], where m satisfies the in- 
equalities m < 0, m ^ p, and m^ g Aq, in (a, b). 

If in equation (3) we have g > we can readily determine intervals 
within which some solution of this equation and its derivative both vanish. 
Consider the equation 

y" + my' + % = 0, (10) 

where m and h are constants such that m ^ p and h ^ q within (a, b). 
If m^ — 4/t < and yi is a solution of (10) such that 2/1(0) = 0, then 
yi'(c) = 0, in case 

* The case M^ — 'iH > might also be discussed, but I pass over it since it can be brought 
under the other cases. 



SOLUTION OP LINEAR HOMOGENEOUS DIFFERENTIAL EQUATION. 219 



, V4/l — m^ 
2 arc tg- 



c — a = 



■^4:h — m^ 



where its least positive value is to be given to arc tg [ V4^ — wP]jm. It 
follows from Theorem I that if y is a solution of (3) such that y{a) = 0. 
then y' must vanish in the interval 



^ V4/1 — TO^ 

2 arc tg- 



a, a -{- 



■44:h- 



m^ 



Similarly if m^ — 4/i = and y{a) = 0, then y' must vanish in the 
interval 

in casern > 0. 

If TO^ — 4/1 > and yi is a solution of (10) such that yi(a) = 0, then 

2/i'(c) = 0, where 

— TO — Vm^ — 4/1 
log 



TO 



+ Vm^ — 4/i 



Am? — Ah 

This expression for c — o is positive when to > and h > 0. Hence 
under these conditions if y(a) = 0, y' must vanish in the interval (o, c). 
Analogous conditions can readily be obtained under which y' must vanish 
within a certain interval (c, b) (c < b) in case y{b) = 0. 

If y is a non-identically vanishing solution of (3) and if 5 > for 
aSx ^b, y' cannot vanish more than once between two consecutive 
roots of y in this interval. Moreover it must vanish at least once. If 
then a and 6 are two consecutive roots of y and ii y(x) > Oior a < x < b, 
let c be the root of y' in this interval. If we suppose that p > through- 
out the closed interval, y" cannot vanish for either x = a or x = c, since 
otherwise we should have either y'(a) = or y{c) = 0. If y"{x) vanishes 
ioT a < X < c, we should have y'(x) < for this value of x. But this 
is impossible since y'{a) > and y'{x) 4= for any value of x between 
a and c. On the other hand, y"{c) < and y"(b) > since y'{b) < 
and y{b) = 0. Hence y"ix) has at least one root between c and b. 

If p < throughout (a, b) and the other conditions remain unchanged, 
y" has at least one root in (o, c) and none at all in (c, 6) . 

If now p and q possess continuous derivatives throughout (a, 6) we 
can differentiate the left number of (3) and in the result substitute for y 
its value as given by (3). This gives 
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y'" + {^-j)y" + {v + i-~-)y' = 0- (9) 

Now 

Hence p' + g - (p?'/?) and {dldx){plq) + 1 have the same sign, since 
by hypothesis g > 0. It follows that if (dldx)ip/q) S - 1 in (a, 6) then 
y' and y" cannot both vanish in this interval. We have therefore 

Theorem V. If q > and (dldx){p/q) ^ - 1 w (a, 6), no root of y 
can follow a root of y' in case p > 0, and no root of y' can follow a root of 
y in case p < 0. 



